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ABSTRACT

‘l’his report presents the development of the plate overlap technique

originall y suggested by H. Eichhorn. Included are discussions of standard

coordinates , plate modeling , the plate overlap technique itself , and

some computational details.
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I . INTRODUCTION

Over the past three years we have been systematically bringing together

the tried and true techniques of classical photographic astrometry and the

technology of today. Our aim has been the ultimate amalgam of the two. The

result would be a completely automatic , real—time , accurate (~ 1”) reduction

of the position of any celestial object. The fulfillment of this endeavor

involves the work of many people and the supplementary genesis of analytical

tools , comp licated software , and new hardware. Since this aim was clearly

recognized long ago, wherever possible in earlier documents or software

development flexibility was built in. Only the most germane parts of this

material will he repeated here. For discussions of multi—color photometry

and multi—color systems the reader should see 1, 2, and 3. The procedures

one should use to update stellar positions are discussed in 4 with applica-

tions to the SAOC in 5. Non—stellar objects are discussed in 6. All of the

pert inent aspects of astrometry, artific ial satellite reductions , elementary

plate modeling, and photographic astrometry are in 7 and 8.

The main purpose of this report is to present an even more powerful

technique of data reduction which is known as the plate overlap technique . It

was originally proposed by Eichhorn (9). His idea was to eliminate , as much

as possibl e, systematic errors in the reduction of the positions , proper

motions , and annual parallaxes of stars. While the conceptual Idea is simp le ,

it s analytical formulation and computational implementation are not. We

discuss this in §IV. First we establish our notation (elI) and review the

properties of a gnomonic projection (~ III).
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TI. NOTATION

We use the standard notation of the subject (unlike in 8).

a~~. , ~~~ = p late constants In the xi standard coordinate
i1k~ ~i

~~~~~~ ~~~ = plate constants in the eta standard coordinate

c = the color of the m ’th star
in

h
m 

= the number of epochs for which a catalogue position of the

m ’ th s tar  Is avai lable

H
m 

= the total number of catalogue positions for the m ’th star

I,J = upper limits to indices I and j on the plate constants

m = th e magnitude of the m ’th star
m

M = the total number of different stars on the n ’th plate

M = the total number of different stars

N = the total number of plates on which star number m appears

N = the total number of pla tes

P see Eq. (10)
mn

R see Eq. (11)

R , R = the residuals from the plate modeling and catalogue
plate ref

mismatch of the reference stars

R = R
p la te ref

t hm = the epoch numbered

t = the epoch t ime of the n ’th plate

Xmn~ ~
‘mn 

= the measured (not necessarily rectangular)  coordinates

of the m ’th star on the n ’th plate

= the equatorial coordinates of a celestial object

A , A the  e q u a t o r i a l  coordinates of the tangential  point

2



= the standard coordinates related to ~ and 6

n = the standard coordinates of the m ’th star at epoch t = 0
in m

~: =
~~~~ + h J ’t

inn m i n n

~mn ~m 
+

m , m = the standard coordinates from a catalogue for theinh mh

m ’th s tar  at epoch t
h
m

= d~ / d t~m m t 0

= dli / d t lm 

m 3



*
I ll . THE GN OMONT C PRO ~JEC TT ON

The i m a g i n g  sy s t e m  ( t e l e s c o p e  plus  camera ) p r o j e c t s  a portion of

t h e  cel es tial ~E~iere  on to the focal ~~~~~ through a point on the optical

a x i ;  of t he  imag ing system. Ry a n a l y z i n g  the geometry of such a projection

we ca n  go f rom coord m a tes  on the sk y ( r i g h t  ascens ion  ‘i. and dcc l  m a t  iOn

() to c o o r d i n a te s  on the  focal  plane (ca l led  s tandard  coord ina tes  and

u n i v e r s a l l y  denoted by ~, ,n ) .  When the unit of length is the focal

I eng t l i  of the  t e l e s c o pe  we can w r i t e

cot  ~s i n ( I  — A )  = f sec A/  (~+ t anA )  , (lii )

Cut ~~os(~. — A) = (1 — q t an A )  / (r~ + tanA)  , ( lb)

tan  (t — A) = r,secA/ ( 1 — r t t a n A )  , ( ic )

co t ’~si n ( i  — A ) , ~[sInA + cot6cosAcos(cz — A ) ] ,

= cosqtan (~ — A)sec(q — A), (2a)

fl= [ros C.— (‘(It &;inAcos (~ — A)}/[sinA + cot 6cosAcos(a — A ) ] ,

= tan (q — A), (2b)

((It q = cot bros (L — A) , (2c)

where  (A , t , )  arc the  e q u a t o r i a l  coord i nates of the extension of the optical axis

of t h e  imaging system on the c e l e s t i a l  sphere .  This is also known as the point

of t an g e n c y .  The ring le  q is a convenient auxiliary variable. Also , if

H — A l  is s m a l l , one should use Eq. ( id) in place of Eqs. (la , i b ) ;

sin~ = (sinA + qcosA)/(l + r2 
+ 

2
)
1/2 (id)

The orientation of the ~ ,r1 axes Is such that the positive q axis points

north and the positive ~ axis points east. Equations (1, 2) are completely

*
See ~IVA of 7 for more detail.
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rigorous , all ow one to speak of an object ’s position in either coordinate

system , and , just as the equatorial coordinates are measurable , so too are

the standard coordinates.

5
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I V .  THE PLATE OVERLAP TE CHNIQU E

A. Motivation

*
Suppose we have several  pla tes  of the same area of the ce les t ia l

sphere. Oj i i t  will he t h e  object of prime interest (the program object), stai s

w i t h  wel l  known positions and proper motions (reference stars), many other

stars (field stars), and images of various non—stellar objects (asteroids ,

p lanets , galaxies , etc.). Let us suppose that each plate is separately

reduced b y a model of the form

I J K Ln n n n
~ n i j k f

X = / / / / a . ,  F ri m c , (3a)mn 
~~~ j=O k=O 1=0 ijk ! inn inn in in

I ’ J ’ K ’ L ’

~
‘mn 

—

~~~~~~~ i~~O k=O t~ O ~~~~~~~~~~~~~~~~~~ 
(3b )

where the  index in = 1 , 2 , 3 , . . . ,  M numbers  the  s t a r s , th e index n = 1, 2 , 3 ,

N n u m ber s  the plates (taken at epochs (t  } ) ,  (x ,y are the measuredn mn inn

coordinates (not neress lr il y rectangular) of star number in on plate n ,

fI~ , ~ are the computed s t andard  coordinates  for  s tar  number m at epoch t
inn mn fl

m is the magni tude  of star number in, c Is the color of s tar  number in, and

are the plate constants.

tm 

Note that , excep t for  the weak

assumptions of a pol ynom ial form for the model , Eqs. (3) are completely

general.

On ce we obtain , by an adjustment procedure , estimates for the plate

const an t s , say {A~~1~~~, B’
~.k~

}, we would take the measured values for the

*
By “plate” we mean an y comple tely formed image of a portion of the

cele stial sphere . Whether It he a photographic plate or television
camera fram e is limnater lal .
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program objec t , fx , y } , invert the model and obtain estimates for its

standard coordinates , 1~ n~
}. Finally, by inverting the gnomonic projection

we obtain estimates for its equatorial coordinates , {cz 6}. If only

the reference stars were used in the adjustmen t for the plate constants (1) we

would learn nothing more about these stars , (but we could compute the positions

of all of the field stars and non—stellar objects), (2) we would more likely

than not be e x t r a p o l a t i n g  the ma gni tude and color terms rather than inter-

polating them , ar~d (3) if the time scale over which the plates were taken was

sufficientl y small to render the effects of proper motion , foreshortening , and

parallax factors totally insensible, we would find a tot3l ~ i N different

values for the position of the program object. At most , one of these would

be correct and the remainder would be systematically in error. The use of

averaging , viz ,

N N

n 1  

r i /N , 

n l  

(4)

would reduce random errors by a factor of l/V~ but not the systematic ones.

As this point is one of the essential reasons for inventing the plate

overlap technique , a few more words of explanation are necessary : Even if

the geometry of the imaging system Is known precisely and the errors of the

measuring mi~chine modeled exactly [so that Eqs. (3) contaIn both the necessary

and sufficient number of parameters and an incorrect form of the model does

not systetratically bias the results], Eqs . (3) do not hold exactly. The

unavoidable , random, errors of measurement imply that the left—hand sides of

7



Eqs. (3) shou ’’i he written as

X — x  (5a)mu mn

V — Y  = (Sb)mn mu

where X (Y ) i s  t h e  noise associated with the  measurement  of x (y ) .inn mn inn inn

SI n c e  a non—zero mean fu X (Y ) can he handled by a redefinition of
inn inn

n (hn ), we assume the noise to have a mean of zero and to be
0000 0000

im c or r e l  at  ed . Hence , our a d j  ustinent procedure would seek to min imize

N M
= ~ (X~ + ) (6)p late inn mu

n = l  m 1

n n
as a funct ion of (a ,. , h , .

~1id ij kz.

The point is , because of the existence of [x , Y } , even if each p late
inn mn

images t h e  same area of the c e h e s t  i ;il sphere, with the same tangential point ,

made on the same imag ing system , measured with the same measuring machine , etc.

iT will not be true that

n n ’ n n ’
= A

jjk1~ 
B

1 1~~ 
= n in (7 )

and t h e s e  two effects will not cancel when computing (~~ ,ri }. Thus, while the

program object clearly has one and only one position on the celes tial sphere ,

we can not deduce It and each set of computed standard coordinates is

systematic all y o f f  fr om (
~ ,~~

).

Now consider the cas e when we regard not only the plate cons tants to be

unknown hut also the positions and proper motions of all of the celestial

8



o b je c t s  imaged on t h e  plate. Moreover , we constrain the equations of

c o n d i l i o n  by ins isting that the reference stars have their catalogue

posi t ions V 1
m , r)

c
1

m } at t he  ep (t
1

m J  , h~ = I , 2 , 3 , . . , Il~ for

which t h e  catalogu es exist . Intuitively we fee l that this “bonding ” (If

th e plates will eliminate all of the systematic effects. Moreover , the

positions and proper motions of t he  reference stars are automatic all y

computed and the color and magnitude terms are not extrapolated since all

of t h e  o b j e c ts  contribute to the solution. Obviously the number of

unknown s has increased  d r a m a t i c a l l y,  the an;J y t ic a l  and computational problem

is e x p o n e n t i a l l y more complex and t ime comsuming (and still can ’t he done

rigorousl y !), and our ultimate gains may be small.

When the plates overlap in the center—edge pattern ( F i g .  Ia)  or c e n t e r —

corner pattern (Fig. lh) th e power of the technique is more apparent. Now

fewer reference stars are needed per square degree to obtain the same

accuracy since , in effect , the total area covered by the overlapp ing plates

is t r ea t ed  as one large plate.

B. Formulation

In order to proceed with a reasonable economy of notation , we drop

t h e  magnitude and color terms from Eqs. (3), se t I = I’ = I , J J ’ J

~~~Il ,N I , and i gnore the possibility that , for som: fun:tion f , a~~. 
: f ( t h ? , .~~) .

The f i r s t  a ssumpt ion  Is only  to assist  In the c l a r i t y  of the presenta t ion. The

second i s  not at a l l  r e s t r i c t i v e  if we regard I = max(I ,I’), J = max(J ,J ’)n n n n in in

and any plate constants artificially Introduced by this to be ident ically zero

and ~iot subject to adjustment. The latter restriction is substantiative

(consider the four constant plate model

9
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I
.

Fi g. Ia. Illustration of the overlap pattern for the center—edge
alignment (Displaced sli ghtl y for clarity)

F i g .  l b .  Illustration of the overlap pattern for the center—corner
alIgnment
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x = ai , + h r i  + c , ( h a )

v = —hi , 4’ a r t  + d , (9b )

wh I c l i  i l l  OWS for an or i g i n  shi 1 f t  , a ro tat  ion , and a seal e c h a n ge)  but

n oi’ ’s ;:I ry i n  o rder  I I  make  forma l a n a l y t i c a l  progress . We s l i a l  I a h s o

.es; iiio t h a t  t h e  ;l ; i n d a r d  ( ‘oo rcl m at e s  for  each p l a t e  a r e  r e f e r r e d  to the

sa me t a n i ’ t ’ ( ( t  l a l  p o i n t  and l e t  h i~~ he t he  pr oper  mot ion b r  t h e  m ‘th  s t a r

iii t he F . d i  r o t  io n and 1i~ ho t he  c o r r e s p o n d i n g  p lant  i t y  in t he  r i ( h i  rect ion .

As hcf ,r ’ We w i  1 h h i v e  a t o t a l  ( I f  N d i f f e r en t  p l at es  and M d i f f e r e n t

a r s . The ~ h at 05 ar e  numbered by n , t lie t a rs by in , and t h e  in ’ lb p l a t e

was t a k e n  at  epoch t r e l at  I ye to  an arbitrary epoch of t = 0. On t h e
0

ii ’ t Ii p h  at  I ( ( 0 1  y ~i (!~ f f e r e n t  s t a r s  appear ( f i e l d  s t a r s  p lus  r e f e r e n c e

st a r s  : we i gnore  n o n — s t e l l a r  oh j oct s in t h e  seqile I as t h e y  add no t  Ii I ng

to t h e  d I s ’  uss i o n )  . The t o t  a number  of d i  f feroii t p l a t e s  the  m ‘ t h i  s ta r

;lpp ea rs on I d e n o t e d  by N . F! n a i l  y , t o a l l  ow un re s t  r I I t  ed summa I i ons ,

we do f I in P :ind R bynm m

= 
I i f  s tar  f/rn appears  ~ui plate I/ n  , (10 )mu
0 otherw i se

R = 
I If star I /rn Is a r e f e r e nc e  s t a r  ( 11)

m 
~ o t he r w i s e

The plate model I s

11



I J
= 1 + r~’ t = 

~ ~

‘ a~~. x 1 y 1 + , (l2a)
mn in in n . I I mu mn inni— O 1 0

I ~l
= fl + 11

11
1 = y ~ h? .~~~ ~~

I + H , ( l2b)mu in rn in , ‘ . 1J mn mm inn1=0 1=0

V r n~ Il ,M], nr:[l ,N] 
~mn 

~ 0.

‘ h u e  r ’v cr s a l  with respect to Eqs. (3) and the precise meaning of the

nois e , , H is discussed in § IVC below. That part  of the residuals
inn inn

due to  t h e  p l a t e  m o d e l i n g  is

N M
R = 

~ 
p f ( ~ ) 2 

+ (H ) 2 1 (l3a)p l a t e  inn inn innn=l m 1

The other part of the res idua l s  are from the discrepancy between

the catalogue position of a reference star number in, ~~~~~~ rl
c
h
m) at epoch

t = t
1

m fo r  :i t o t a l of hi m d i f f e r e n t  ca ta logue posit ions , e . g . ,

f, + lJ~’t rn = ~c m + in, (14a)
in m Ii mh rnh

‘H + l 1 ’H t in = in + in, (14b)in in Ii mu mh

= 1 , 2 , 3 , ..., H~ Vm 1 [l ,MI 3 R  ~ 0.

Hence , t h a t  p a r t  of t h e  r e s i d u a l s  due to the catalogue positions is

12



R n ,  f 
= 

~~ 

2 
+ (h1

(
h m)1~ 

(I ‘ib)

P P + i~ . ( 1 3 1 )
p l a t l ’  n i

P = (4 t I o n  h i ’ = i i ’ o . i i s h  ~,
( 

in , ,~ ( 
in Sr . ’  t u i d e f  m ed . Similarl y, if I’ = ()

in nh mh mu

. 1 1 ( 1  . 1 1  ( 1i1( 1~~’ I i i  ‘( I
‘111 in n

‘T h e  i i .  r r ~~ I . ‘ r m u . I  t I ‘ I I ’  I r e  g i v en  h ’j

‘ ‘ i ’. . = n = I , 2 , I , . . . , N
( I l )

I~/ ~~~ = i 0 , 1 , 2 , ..., I , j = 0 , 1 , 2 I ;

P /  = (I
In

= 0
in = 1, 2 , ‘1 , .. ., ‘1. (1( 1)

= (1
in

1 <1 = I)
F ir

h u
ll’

W i t h  t1~ ’ unde r s t a n d i n g  t h a t , f ( h m ) = 0 i f  P = 0 , t h ese e q u a t io n s

be writ t e l i  as

t’
rnn 

~~ ~

‘ 

~

‘ 
~~~~ — 

~ 
P~~~~~~X k y~ = 0 , ( l 7 a )

n 1  m=l

m 1  
I)

r n n [~
. 

,~~0 
h~~i

x~~~~Y~~~~]_ ~~ Pmn fl mn X
~ n Y~~ 

= 0 , ( l 8 a )

n 1 , ? , 1, ..., N, k 0 , 1 , 2 , ..., I,

= 0 , 1 , 2 , . . ., J ;

13



N I J
— / P i 

~

‘ 
,i ’~~x

1 
y 1 + ~

‘
, (N + 11in) +mn . , i~~~rnn mn m m

n — I  i=O ~~~

N ii ’~ \ }~
III

~i / P t + / t 
1 m) 

= / i
~~hin~ 

(1 7b)
m in

Ii =1 ii =1

N 1 .1 n 1 1 in
— /  P / / b .. x y + r l ( N  + H ) +

Inn . • ‘ ‘ I  inn inn m rn
I 1) = 1)

11
rn 

~ H
1T1

ii~~ ~ P t + t m I = 
~ 

n in , (l8b)
ii i  inn n hi ‘ mu

1 ( 1  111 / m
h i — l h = 1

N I .J I N  H
m_ ,  P 1 / a x y 1 +~~(~~ p 

~ +~~ t i n• inn ii . ‘ ‘ i inn mn ni ‘‘ . inn n ‘ h
i i  I i O  0 \ n 1

H
m

+ ~ ~ t~ + ~

‘ 
t
2
m = mt m , ( 17c)

in ‘ m n n  Ii ‘ mu hin=l  in in
Ii = 1 ii =1

N 1 .1 . N H~
—

~~~~ , 

I’ t ~ ~ b’~.x
1

y~ +r i 
~ 

P t +~~ t mO inn n . . ‘1 mn mn rn mn n h( ( l  i 0  .1=0 ‘ n=l hin=l

+ 
‘ (
~ 

~~~~~ + 
‘
~ t~ in) 

= 
~ fl~~h

mt hm , (l8c )

h i =l  h = l

in = 1 , 2 , ‘3 , ..., M .

Thi i •c omp I ’ t e ~; the ‘inalytical specification of the problem .

C . On S t a t  i s t i c a l  R igor

Suppose two qantilies , u and v , are l inearl y related , say

o = kv . (19a)

14
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Further suppose we have P sets of values of u and v , {u , v }  with random

errors C in u . th ence , the correct equations of condition arep p

U = kv + , p = 1 , 2 , 3 , ..., p . (20)

We d e t e r m i n e  an u n b i a s e d  e s t ima to r  fo r  k (K) b y m i n i m i z i n g

P P
s = 

2 
= ) (u — ky ) 2 (21a)

p= I  ~ p= l  p p

w i t h  respect to k.  The r e s u l t  is

= 

~~ 
(2 1b)

= k + v ~~ v
2
. (22a)

[ ) l  p P 9 , 1  q 
0

W ’liemi p er t  or ined i n  t h i i s  f a s h i o n  t h i e  f u l l  set of r esu l t s  available from

least squares t h e o ry  i i-, a v a i l a b l e  to us and complete statistical rigor is

sat  is f l e d .  In p a r t  i ’ll a r , we knew t ha t

l imK = k .p (23a)
P

Had t he  r e l ; i t  lon sh  i p been w r i t t e n  as

v = vu  (l9b )

with u still subject to random error (hut v not), then bl indly apply ing

least  squares  procedures  to

15



= ~ ( V  - ) (2lb)

( ( ~~~. ( l h t 5  i ll

I ’ P
1/K / v ii / ~I i ‘ p p  • qq h

I~ 0 )  P
= k / v • + V

- 
I) •2 P Pp , ( 2 2 b )

0 ) ! • I’ I’

~ v 2
+~~n )  ~ + ~ 2

i 
(I 

I 
q ~l q= I q

•ul i (h

u r n  1/ K  = k ~v 2 ’~/ [k 2
~~v

2 ’ +
P ..’,’

~ I / k .  (23b)

t Is ’ ( ‘ S t  i mat o r  f o r  v is biased

‘fl imi s, Eqs. ( ‘I , ‘~) are ri gorous and Eqs. (12) are not. Moreover , the

~x,’ i c t  i n t e r p r e t  a t  j u n  of f~ ,H } is unc lear . u n f o r t u n a t e l y  the r igorousn mn

e q m i a t  Inn s  ‘ /i ( ’ld  a n o n — l i n e a r  e s t i m a t i o n  prob lem for  which there is l i t t l e

t h e o r e t i c a l  b a s i s . Tn addition , the resulting normal equations are

h o r r e n d o u s l y  comp l i cat o d . We i h i e r t ’ fo r e  have the choice of posing (correct l y)

an inso l uble problem or posing (Incorrectly) a soluble one. We have chosen

t h i ’  one w h i c h  I s  e o m p i i t a t l o n a l l y ea s ier  to handle (e.g.,  the l a t t e r ) .

16



1) . ()~ S o l v i o ~, t h e  Normal Equations

I t  w o u l d  he ( ‘av ; , l  l e r  of us to remark  t ha t  the norma l t’qua ” ions

a rt  I i l l & ’ a r , and , t I i er t ’fu r e  , si ;i nda rd  t o u hun  i q i s ’s  a r e  app l i c a b le . N f i n  t ’  t l i e i  r

e r d or  i s  Y N (  1 4 1)  ( I 4 I )  + 4M one ean e ;i si  I y have t h o u sa n d s  of u n k n o w n s .

Wio n t h e  p a t te r n  is of t h e  l e n t  c ’r— e d ge or c e m l t e r — (  o r ner  t y p e  t h e  m a t r i x  of

lie ’ ‘ ‘qu ;i  Lions is (~i t l i e ‘ ‘handed—bordered’ ’  t y p e  and spec i a I t e l  f i n  i qu es  are

a va I I  nh 1 e . i f  one is wil l  i ug t (; i t  € ‘ r a te  Iowa rds a so l o t  ion t hen  t lie

*
p r o b l e m  i s  c / e n  s i m p l e r .  in 1 n~ 

( I  7b , I 7r )  f i r s t  set P :rnd N equa l  to

ze r o .  So l v e  t h e s e  f o r  t ic ’  f i r s t  ap I ) rO Xif l ia t i on  ~~~~~~~~ ) VP~~~0. We now so lve

Eq.  ( 17a) w i t h ,  I’ / () i f f  P ~ 0. Th i r ;  provid (’s t he  first approximation
inn in

to fa ’? . I. We r a n  now c o m p u t e  {r } fo r  the  f l o l d  s tars  and  i n s e r t  these‘ma

v a l u e s  i n t o  ou r  s i m p l i f i e d  v e r s i o n s  ~f Eqs .  ( 17b , l 7 c )  f o r  a l l  of the  s t a r s .

When t h i s  s y s tem  is solved we have 01) 1 a inc ’d  our second approx ima t ion to

~~~~ ~~~ fo r  : i l l  of t h e  s t a r s .  We then r e t u r n  to s o l v i n g  fo r  t he  s ta r

constants using a ll of t h e stars , tI e .

*
_ 

- 0~~~ -

‘Flie a s ’ ; i i i np t  I o n  t h a t  a 1. ~ f (f h ’ ?~.’} ) s e p a r a t es  i~ from ii and we only consider
I h o’ ~ > ,r d i n a t , ’  lu re . 1 Thi~ n ~‘u o r d in a t e ’  i s  t r e a t e d  in an analogous f a s h i o n .
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V. ASTRONOMICAL APPI.I CAT IONS

The astrophysical h e n e i i t s  of the p late overlap techn ique  have been

noteworthy. Catewood and his collaborators at Alleg heny Observa tory

h av e  r a p i d l y  app l i ed  t h e  t e ch n i q u e  to Allegheny ’s extensive plate  collection .

Among t h e i r  m a j o r  c o n t r i b u t i o n s  have been ( 1) a complete rediscussion of

the hypothetical planet around Barnard ’s star , (2) a test of the theory

of general relativity and stellar structure theory by astrometnically

inferring the gravitational redshift of the white dwarf van Maanen 2,

and (3) the beginnings of a thorough rediscussion of the anomalous

multip le systems used In define the zero—age main sequence mass-luminosity

r e l a t i o n s h i p (9 Pup ,  fl Cor Bor , and 10 UMa). Perhaps similar gains in

our knowledge of the geopotentia l, the selenopotential , solar radiation

fo rces , e t c .  awa i t  us.

18
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